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A new multigrid method with adaptive unstructured grids is presented. The three-dimensional Euler equations
are solved on tetrahedral grids that are adaptively refined or coarsened locally. The multigrid method is
employed to propagate the fine grid corrections more rapidly by redistributing the changes-in-time of the solu-
tion from the fine grid to the coarser grids to accelerate convergence. A new approach is employed that uses the
parent cells of the fine grid cells in an adapted mesh to generate successively coarser levels of multigrid. This

- obviates the need for the generation of a sequence of independent, nonoverlapping grids as well as the relatively
complicated operations that need to be performed to interpolate the solution and the residuals between the inde-
pendent grids. The solver is an explicit, vertex-based, finite volume scheme that employs edge-based data struc-
tures and operations. Spatial discretization is of central-differencing type combined with special upwind-like
smoothing operators. Application cases include adaptive solutions obtained with multigrid acceleration for
supersonic and subsonic flow over a bump in a channel, as well as transonic flow around the ONERA M6 wing.
Two levels of multigrid resulted in reduction in the number of iterations by a factor of 5,

I. Introduction

NSTRUCTURED grids have evolved over the recent years as
a very viable approach for modeling three dimensional geom-
etries since they have been found to be very efficient means of
generating body-conforming grids for complex three-dimensional
configurations.! In the case of structured grids, their inherent order
makes it very convenient to generate any number of successively
coarser meshes by removing every other line of grid points in each
coordinate direction. Hence, the implementation of the multigrid
techniques have long been a feature of flow solvers that use struc-
tured grids. This classical multigrid approach used with structured
grids has been very successful in accelerating convergence for nu-
merical schemes, solving problems governed by elliptic equa-
tions.>® The theory of multigrid method for problems involving
hyperbolic equations is not so firmly established. However, signif-
icant success has been achieved in this area for accelerating the
convergence to a steady state with explicit numerical schemes.*”
The complete lack of order in unstructured grids precludes any
possibility of generating successively coarser grids as is easily
done with structured meshes. This poses an additional challenge
for the implementation of a multigrid method on such grids.
Hence, very little work has been done till now that explores the
possibilities of implementing a coarse grid acceleration scheme for
flow solvers that employ unstructured grids. One of the noted
works in the area of unstructured muitigrid techniques is by
Mavriplis and Jameson,® who presented a scheme for coarse grid
acceleration with a finite volume solver on a two-dimensional
unstructured grid. This concept was later extended to three-dimen-
sional unstructured grids.”® The technique employs a sequence
of independent and successively coarser grids that are generated
a priori. Furthermore, the scheme involves extensive data struc-
tures for the intergrid transfer of the flow variables as well as the
residuals.
Adaptive grid methods have evolved as an efficient tool to ob-
tain numerical solutions without a priori knowledge of the nature
and the resolution of the grid necessary to efficiently capture the
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flow features. These algorithms detect the regions that have prom-
inent flow features and increase the grid resolution locally in such
areas. Furthermore, they coarsen the grid by deleting the cells over
the regions where flow features no longer exist. The data structures
needed for the implementation of adaptive algorithms on three-di-
mensional unstructured grids are quite complicated. This has been
a challenging topic in itself and until recently not many such
schemes existed. Significant progress has since been made in the
implementation of adaptive schemes for tetrahedral grids.>~12

The motivation for the new multigrid scheme developed in the
present work comes from the work of Ni.> The coarser grids are
used to propagate the fine grid solution’s changes-in-time properly
and rapidly throughout the flow domain, thus accelerating conver-
gence to the steady state, while at the same time maintaining the
low truncation error on the fine grid. The basic solver used for the
discretization of the governing equations on the fine grid is a cen-
tral space differencing, node-centered Euler scheme for tetrahedral
grids. It is a one-step Lax-Wendroff-type scheme. The method em-
ploys special upwind-like smoothing operators for shock capturing
and background smoothing. The scheme is formulated so that all
operations are edge based, which reduces the computational work
significantly.

The adaptive grids are created by division of tetrahedral cells.
Isotropic as well as directional division of the cells provides con-
siderable flexibility in increasing the resolution of the grid with the
minimum possible number of cells. The cell-tree data structure is
used to retrace the parents of the fine cells on the adapted grid, and
these parent cells along with the cells in the unembedded region of
the flow domain constitute the coarser level of the multigrid. The
edge-tree data structure is used to interpolate the residuals back
and forth between the fine and coarser level grids, and hence the
scheme avoids the relatively complicated intergrid transfer algo-
rithms employed in the other multigrid schemes.”8 The coarse
grids are used only to propagate the solution changes obtained on
the fine grid and hence create the corrections to the fine grid
changes. The governing equations are not solved numerically on
the coarser levels, which makes the scheme computationally less
intensive. Application cases include adaptive solutions obtained
with multigrid acceleration for supersonic flow over a bump in a
channel and transonic flow around the ONERA M6 wing. Multi-
grid acceleration of convergence is monitored.

II. Basic Numerical Scheme
The governing equations to be solved is the system of time-de-
pendent Euler equations for a perfect gas that combines the equa-
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tions of mass, momentum, and energy. The integral form of the
equation is considered:

oU , OF  dG
J(ar M azde 0 M
The state vector U and the flux vectors F, G, and H are ex-
pressed in terms of the conservation variables, namely, density p,
X, y, and z momentum; and energy. The solution at any node O at
time level n + 1 can be expressed in terms of the solution at time
level n using a Taylor series expansion:

Ut = U+ 8U;
n_ (JUY 3’U 2)
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The temporal derivatives in the preceding expression are evalu-
ated in terms of the spatial derivatives using the governing equa-
tions according to the Lax-Wendroff approach, and local time
stepping is used based on the Courant-Friedrichs-Lewy (CFL) sta-
bility criterion.!® The control volumes are defined around each
node using the dual mesh, which is formed by constructing non-
overlapping volumes, referred to as dual cells. The dual cells rep-
resent the control volume associated with the respective node. The
dual mesh for a tetrahedral grid is constructed by dividing each tet-
rahedron into four hexahedra of equal volumes by connecting the
mid-edge points (Ey,. .., Ey), face centroids (F),...,F,), and the
centroid of the tetrahedron (C), as shown in Fig. 1. The control
volume around a node is constituted by a polyhedral hull that is the
union of all such hexahedra that share the node.

The volume integral of the spatial terms in the Euler equation
(1) has to be evaluated to compute the first-order part of the
change dU in Eq. (2), at each node 0:

oF JG  oH )
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which can be writtén in the discrete form as
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where the summation is over all of the dual mesh faces that consti-
tute the boundary of the control volume around a node and S,, Sy,
and S, are the area projections of the dual face.

A. Edge-Based Operations

The flux evaluation can be cast into edge-based operations.
Consider an edge constituted by the nodes 0, N(k). The quadrilat-
eral faces of the dual mesh that are connected to the edge at its
midpoint £ are shown in Fig. 2. The number of such quadrilateral
faces connected to an edge depends on the number of cells sharing
that edge. The boundary of the control volume around a node is
constituted by the union of such faces associated with each edge
that shares the node. Thus, the summation over the dual mesh
faces in Eq. (4) is equivalent to a summation over the edges of the
grid, and the fluxes through the dual mesh faces associated with
each edge are evaluated. This eliminates a significant amount of
computational work since the number of edges is much less than
the number of faces in an unstructured grid. Thus, the contribution
of an edge to the fluxes across the faces of the dual volume sur-
rounding a node is given by

F A, +G(A), +HAA,), (3)

where (4,),, (4,) » and (A,), are the projections of the area A, asso-
ciated with the edge F and F,, G,, and H, are the flux vectors eval-
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Fig.1 Dual mesh, in dashed lines, for a tetrahedral grid.

uated at the midpoint of the edge. The volume integral for evalua-
tion of the second-order changes in Eq. (2) is

3(or 26, om)
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which can be written in the discrete form as

n
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The summation, similar to the first-order changes, is over the
edges, and the contribution of each edge to the second-order
change at a node is given by

(A 40, + By, + € ) ®)

where Ze, B, and €, are the Jacobians evaluated using the aver-
age state vector U, at the mid-edge point E.

The change 8U; of the state vector at any node 0 is obtained by
substituting Egs. (5) and (8) into Eq. (2):

aUg_Q ZAI[F(A) +G,(A), +H,(A) 1,

k=1
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B. Upwind-Like Artificial Dissipation

The dissipation modeling in this work is formulated in such a
manner as to simulate the implicit dissipation terms of the upwind-
ing schemes without increasing the computation cost of the algo-
rithm.

The numerical formula for the flux vector at any intermediate
state / between two end states L and R can be expressed as

F; = (1/D)I(F +Fg) - A,(Ug ~ U] (10)
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Fig. 2 Dual mesh faces attached to an edge.

where A, is Roe’s matrix.!® The dissipation terms are modeled so
as to be similar to the second term of the preceding equation since
this corresponds to the implicit smoothing term of the upwinding
scheme. A simplified form of Eq. (10) is obtained by replacing A
with p(4) = lu| + ¢, the maximum eigenvalue of Roe’s matrix.
This ensures that the dissipation terms do not dwindle down to
zero near the stagnation or the sonic points. The contribution
(8UY),, of shock-smoothing terms to the change 3Uj at the node
0 is given as follows:

n A ¢ 1 n ~
@UD. = g 3 I0CA)S.+p(B)S, + (€8, Wiy ~Uo)
k=1
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where p(:lr), p(l?r), and p(C’r) are the spectral radii of Roe’s ma-
trices corresponding to the flux vectors F, G, and H evaluated at
the middle of the edge k. The eigenvalues are evaluated at the Roe
averaged quantities.'* The shock-smoothing term is evaluated sim-
ilar to the convective fluxes on an edge-wise basis. The fourth-
order smoothing contribution (8Uy),, is computed in a similar
fashion. Instead of the first difference of state vectors as used in
Eq. (11), a difference of the accumulated first difference over the
edges sharing a node is used for background smoothing.

The change (3Up), at the node 0 due to second- and fourth-
order smoothing is given by

(BUg), = 02(AP)(8Up), + 04(1 — AP)(8Up) 4 12)-

The pressure switch AP is used to turn on the shock smoothing
and the background smoothing at the appropriate regions. The co-
efficients 6, and G, are empirical parameters that control the
amount of shock and background smoothing.

HI. Adaptive Grid Refinement

A dynamic grid adaptation algorithm has been previously devel-
oped for three-dimensional unstructured grids.!” The algorithm is
capable of simultaneously unrefining and refining the appropriate
regions of the flow domain by detecting the local flow features. A
feature detector senses the flow fearures that are present in differ-
ent regions and guides the adaptive algorithm to refine or unrefine
the grid, ensuring that sufficient grid resolution exists locally near
the regions of significant flow variations. Velocity differences and
gradients are used as detection parameters and threshold values are
set for these parameters based on their distribution over the flow
domain.'’

The different strategies usually employed for embedding a tetra-
hedron and the methods of cell division employed in the adaptive
algorithm used in the present work are discussed in detail in Refs.

10 and 15. The tetrahedra that are flagged for refinement are em-
bedded by the octree cell division that divides the parent cell into
eight children, as shown in Fig. 3, by inserting mid-edge nodes on
the parent cell edges. The four corner child cells are similar to the
parent cell. The four interior child cells are formed by dividing the
interior octahedron, constituted by the nodes 5-6-7-8-9-10, by the
shortest diagonal. Directional division of cells is also employed to
divide “transition” cells at the border between different embedded
regions that contain “hanging” nodes in the middle of some of
their edges due to refinement of neighboring cells. This includes
cases in which the mid-edge nodes appear on the same face or on
only one of the six edges.

IV. Multigrid Method

A multigrid method for hyperbolic equations using structured
grids was presented by Ni.® This uses the coarser grids to propa-
gate, properly and more rapidly, the solution changes-in-time U
obtained based upon the discretization of the governing equations
on the finest grid. A series of overlapping grids of varying spatial
resolution is used. The fine grid calculations are performed to
compute the changes to the solution at each node. These changes
are transferred to the nodes of the coarse grid. The transferred
changes are propagated on the coarse grid and henceforth create
the coarse grid corrections. These corrections are then interpolated
back to the fine grid nodes.

A. Coarse Grids for Multigrid

In the present work, the multigrid scheme is implemented in tan-
dem with the grid adaptation scheme. A major hurdle in the imple-
mentation of the multigrid scheme using the unstructured grids is
the generation of a sequence of successively coarser grids. In the
structured grid approach, this is easily accomplished by removing
every other line of grid points in each coordinate direction. This is
not possible with the unstructured grids since there is no inherent
order. The previous multigrid methods for unstructured grids’?
generate a sequence of completely independent, successively
coarser and non-overlapping grids as shown in Fig. 4. The figure
shows fine grid cells as well as coarse grid cells. A search algo-
rithm is required to generate the data structures that determine the
nodes A, B, and C to be associated with each node a on the next
finer level and similarly the nodes 1, 2 and 3 to be associated with
each node P on the next coarser level. Using these data structures,
the multigrid scheme performs intergrid transfer of residuals and
state variables. This method is intensive in terms of computing
time and memory. Furthermore, generation of the successively
coarser grids is quite difficult.

Fig. 3 Isotropic division of a tetrahedral cell into eight subcells.
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The salient feature of the present work is that it circumvents the
need for such complicated search algorithms and data structures to
determine the intergrid communication by virtue of using overlap-
ping coarse grids. This is illustrated in Fig. 5, which shows an ex-
ample of a sequence of two unstructured two-dimensional grids
obtained by adapting an initial grid once. The once-embedded grid
(level 1) constitutes the fine grid on which the basic numerical
scheme is implemented, and the other grid, namely, the unembed-
ded initial grid (level 0), constitutes the coarser grid that shall be
used to obtain the convergence acceleration. It must be noted that
the level O grid is obtained directly out of the level 1 grid by using
the parent cell pointers of the adaptive algorithm that give the suc-
cessively coarser cells. The cells that constitute the unembedded
zone of the fine (level 1) grid are included in the coarser level grid
as well. Each time the grid is adaptively refined, an additional
level is added to the multigrid system.

B. Coarse Grid Acceleration

The basic concept of the present multigrid method is that the
corrections to the fine grid solution’s changes-in-time obtained on
the coarse grid should be driven by the fine grid residuals. The
multigrid scheme is implemented by first discretizing the govern-
ing equations on the finest level. This consists of evaluating the
changes-in-time of the solution at each fine grid node using the
basic numerical scheme. This constitutes one fine grid iteration.
The fine grid changes are then transferred to the coarse grid nodes.
The coarse grid corrections are obtained by redistributing the
transferred changes on the coarse grid nodes. These coarse grid
corrections are then interpolated to the fine grid nodes. This set of
operations constitutes a coarse grid iteration. In the present
scheme a coarse grid iteration is performed after every fine grid it-
eration. Each multigrid cycle consists of a fine grid iteration and an
iteration on each coarser level grid.

Consider that the coarse grid acceleration scheme involves an
advance in time A¢"*! = ("+! — ¢ The Taylor series expansion in
time for the correction dU¢ obtained on a coarse grid node is writ-
ten as

n+1.2
(SUc)n+l =Un+1_Un=(aa(t]) Atn+l+[a J (Atz ) (13)
t

For the previous time step on the next finer grid, the expansion for
the change in time of the solution 87 obtained at that node is
given by

fn_gn gt (AUY a [ QU (A
U =v"-U (at)At [aﬁ] (14)

2

Coarse Grid

Fine Grid

Fig. 4 Nonoverlapping grids used for multigrid scheme.

Fig. 5 Sequence of overlapping grids for the multigrid scheme, gen-
erated by the adapter, level 0 and level 1, respectively (shaded area
denotes embedded region of the grid).

The coarse grid time step A¢"*! and the fine grid time step A¢” are
alternatively represented by Az¢ and A¢/, respectively. Combining
the preceding equations, the correction obtained at the coarse grid
node is expressed in terms of the fine grid change associated with
that node as

(SUC)n+1 _

(8U )-AL—- (a U] (A + Ath AL (15)
AP 29

The first term on the right-hand side in Eq. (15) represents the
first-order part of the coarse grid correction. To compute this term,
the change in time of the solution U/, evaluated at that node in
the previous time step on the finer grid is required. Instead of using
a simple injection procedure, this term is evaluated by transferring
to the node at the coarser level the fine grid changes associated
with that node and its neighbors by means of a weighted averaging
procedure. Referring to Fig. 6, the transferred change 8U/ L ¢ a
node 1 on the coarse grid is given as follows:

(SU{—)C)" - {Zcel] =AB,. . E (SUcell) cell:l (16)

2cell =A,B,..,E Vcell

where (38U, Y represents the average change in time of the so-
lution computed at the previous time step for a cell of volume V
on the next finer level. For example, referring to Fig. 6, for the fine

grid cell A we have 8UY = (13)(8U7 + dU% + 6Uf) The first-

order part (AU, )'+! of the coarse grid correction SUmde at any
node is hence given by
8 n fad At
(M) = (3ULe")" = (a7

To compute the second-order part of the coarse grid correction
at the node, the temporal derivative (02U/dt2) in Eq. (15) is com-
puted at the coarse grid nodes. Using the governing equation (1) to
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Fig. 6 Weighted averaging of the fine grid changes to obtain the
coarse grid correction at node 1 (two-dimensional example).

replace the temporal derivatives by spatial derivatives and using
the divergence theorem, we have for any coarse grid node

2 n
[88_12]) Qrose = -1 R (AFn +AGn, +AHn )" dS
t Aln Qnode

node
(18)

node

where
_9F . 3G, _OH
AF = éT] (AUnode)’ AG = 8U (AUnode)’ AH = w (AUnode)

The terms AF, AG, and AH are computed at the coarse grid node
using the first-order change (AUyoqe)'*! evaluated at the node
from Eq. (17).

No smoothing is applied on the coarser grids. The boundary
conditions are applied at the fine grid nodes after each fine grid
and coarse grid iteration.

The corrections obtained at the coarse grid nodes from Eq. (15)
are interpolated to the exclusive fine grid nodes (fine grid nodes
that do not appear on the coarser grid). This interpolation is easily
accomplished on an edgewise basis by using the edge pointers that
give the child edges of any coarse grid edge. For example, refer-
ring to Fig. 3, the tetrahedron 1-2-3-4 represents a coarse cell, and
its child cells constitute the next finer grid cells. The coarse grid
correction for the node 7 is obtained by linearly interpolating the
corrections obtained at nodes 1 and 4. The sequence of operations
for the multigrid algorithm is given as follows:

1) Compute the changes-in-time to the solution (3 U,,j;de) at the
finest grid nodes.

2) Transfer the fine grid changes to the next coarser level grid.

3) Redistribute these changes to the coarser level nodes to ob-
tain the coarse grid corrections (8 Usode).

4) Interpolate the coarse grid corrections to the finer grid nodes
to be added to the fine grid changes previously computed.

If the multigrid method employs more than one coarse level,
then the solution changes-in-time on the fine grid that were cor-
rected by the first coarse level contributions are transferred to the
next coarser level and the same sequence of operations outlined
earlier are performed to obtain the corrections on the next coarser
level. Figure 7 shows the flow of operations for a multigrid cycle
with two coarser level grids. This can be generalized to a multigrid
scheme with n coarser levels.

V. Results
A. Adaptive Solution on an ONERA M6 Wing
The adaptive solution obtained for the transonic flow at M, =

0.84 past an ONERA M6 wing at an angle of attack of 3.06 deg is -

shown here to validate the accuracy of the solution obtained with
the basic numerical scheme employed. Computations were per-
formed on a CRAY Y-MP. The initial grid is comprised of
231,507 cells and 42,410 nodes. The solutions are started from the
freestream conditions being specified everywhere. The initial grid
is adaptively embedded in the regions of the local flow features.
Velocity differences and the velocity gradients are used as the de-
tection parameters. The triangulation on the wing upper surface of
the adapted grid is shown in Fig. 8 with the embedded regions of
the grid denoted with the darker shades. The adapted grid has
833,613 cells and 144,722 nodes.

The solution obtained on the adapted grid is shown in Fig. 8.
Mach number contour lines on the upper surface of the wing are
plotted using an increment of AM = 0.02. The contours show the A
shock standing on the upper surface of the wing. Both the fore and
the aft shocks are seen to be captured sharply. The pressure coeffi-
cients comparison of the adapted grid solution with the experimen-
tal observations is shown in Fig. 9 at two spanwise locations. It is
seen that there is a good agreement of the computed solution with
the experimental observations. The leading-edge suction peak is
captured well. It is observed that, at station 1 = 0.44, the aft shock
location in the final solution is downstream of the experimentally
measured location. This discrepancy has been observed in solu-
tions with other Euler schemes.'®20 The pressure coefficient distri-
bution on the lower surface of the wing is also seen to be in good
agreement with the experimental results.

B. ONERA M6 Wing—One-Level Multigrid )

Solution for transonic flow at M, = 0.84 is obtained using the
multigrid technique. The initial grid employed in this case com-
prises 35,008 cells and 6910 nodes. The grid is adapted once, and
the solution is obtained by using coarse grid acceleration. Figure

T - Transferring the changes from a finer to a coarser level

| - Interpolating the corrections from a coarser to a finer level

Fig. 7 Sequence of operations for a two-level multigrid scheme.

Fig. 8 Triangulation and the Mach number contour lines on the wing
upper surface. Transonic flow solution past an ONERA M6 wing (M.,
= 0.84) obtained on the once-adapted grid. Mach number contour lines
plotted with an increment of AM = 0.02.
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10 shows the triangulation on the wing upper surface of the em-
bedded fine grid and the initial coarse grid that constitute the mul-
tigrid system. The finest level grid comprises 150,333 cells and
27,308 nodes. The coarser grid has approximately one-fourth the
number of fine grid points. Comparison of the convergence histo-
ries for the solution obtained by performing only the fine grid iter-
ations without any acceleration and the one obtained with coarse
grid acceleration is shown in Fig. 11. The coarse grid acceleration
with the one-level multigrid reduces the number of fine grid itera-
tions by a factor of 2.5. Computing time comparisons made for the
one-level multigrid scheme on a Cray Y-MP are shown in Table 1.
The coarse grid acceleration reduced the CPU time roughly by a
factor of 2.00.

Table 1 CPU time comparison for multigrid solution on an
ONERA M6 wing (M., = 0.84)

Time taken for one fine Convergence in 4045
grid iteration, s 2.52 fine grid iterations

Time taken for one multigrid cycle Convergence in 1742
with one coarser level, s 3.02 multigrid cycles
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Fig. 9 Pressure coefficients comparison on the wing surface at n =
0.90 spanwise location; e, experimental values (upper surface); O,
experimental values (lower surface); —, one-level adapted grid.
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Fig. 10 Upper wing surface of the overlapping set of meshes used for
multigrid acceleration. Transonic flow past an ONERA M6 wing (M.,
=0.84).
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Fig. 11 Comparison of the convergence rates. Convergence without
multigrid in 4045 fine grid iterations. Convergence with multigrid
acceleration in 1742 multigrid cycles.

Fig. 12 Isometric view of the sequence of grids generated by succes-
sive passes of adaptation, employed by the two-level multigrid scheme.
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Fig. 13 Comparison of the convergence rates. Convergence without
multigrid in 9151 fine grid iterations. Convergence with one-level mul-
tigrid acceleration in 3885 multigrid cycles. Converegence with two-
level multigrid acceleration in 1730 multigrid cycles.

C. Supersonic Flow in a Duct—Two Level Multigrid

The solution for supersonic flow at a Mach number of 1.4 in a
channel with a 4% bump is obtained using adaptive grid embed-
ding coupled with coarse grid acceleration. Isometric views of the
sequence of overlapping grids that are obtained at successive
passes of adaptation are shown in Fig. 12.

The adapted grids obtained constitutes a two-level multigrid
with the finest level represented by the twice-embedded grid and
the two coarser levels represented by the once-embedded and the
unembedded initial grids, respectively. The initial grid comprises
10,240 cells and 2805 nodes and constitutes the coarsest level. The
once-embeddeded grid comprises 60,325 cells and 12,756 nodes
The finest level of the multigrid system on which the basic numer-
ical scheme is implemented comprises of 206,789 cells and 38,430
nodes.

Comparison of the convergence histories for the solution ob-
tained by three cases, namely, no multigrid acceleration, one-level
multigrid acceleration, and two-level multigrid acceleration, is
shown in Fig. 13. It is seen that with multigrid acceleration, the
number of fine grid iterations required is reduced by about 5.3
times. The coarsest level grid has roughly one-fourteenth the num-
ber of grid points at the finest level, and the next finer level has
roughly one-third the number of nodes at the finest level. Hence,
the coarse grid iterations are significantly less expensive compared
with the fine grid iteration. In view of this, the reduction brought
forth in the number of fine grid iterations is seen to be consider-
able. The effect of employing the two-level coarse grid accelera-
tion is easily seen from the progressive steepening of the residual
history curves. It is also observed from the figure that the effect of
the multigrid acceleration is not very pronounced in the initial
stages during which the high- frequency components are predomi-
nant. Convergence acceleration is seen to markedly improve once
the low-frequency components become more dominant.

CPU time comparisons made on a Cray Y-MP as well as com-
parison of convergence acceleration obtained with different levels
of multigrid are illustrated in Fig. 14. Figure 14a shows that there
is a significant speed-up in convergence in terms of the number of
iterations. Figure 14b shows that the computing time per iteration
increases only by a small factor for every additional level of grid
used. Hence, cumulatively these two factors obtain a significant
speed-up in terms of computing time. It is seen that multigrid ac-

celeration with just one coarse grid level reduces the total comput-
ing time roughly by a factor of 2. Using two coarser levels in the
multigrid brings about a reduction by a factor of 4.2 for this case.

D. Subsonic Flow in a Duct—One-Level Multigrid

Solution is obtained for subsonic flow at a Mach number of 0.5
in the duct coupled with coarse grid acceleration using a one-level
multigrid. Planar sections of the once-embedded grid at midspan
are shown in Fig. 15. The initial grid comprises 10,240 cells and
2805 nodes and constitutes the coarser level, whereas the embed-
ded grid with 58,084 cells and 10,946 nodes constitutes the fine
grid.

Comparison of the convergence histories for the solution ob-
tained without multigrid acceleration and the one obtained with
coarse grid acceleration is shown in Fig. 16. It is seen that with
multigrid acceleration, the number of fine grid iterations required
is reduced by about 2.55 times. The number of grid points on the
coarse grid is roughly one-fourth the number of fine grid points.
Computations time comparisons were made on an IBM-375 RISC/
6000 and are shown in Table 2. The coarse grid acceleration with
the one-level multigrid reduced the CPU time by a factor of 2.35.

No.ot herations/Multigrid cycles
91514 till convergence
3885
1730
0 1 2
a) No.of Muitigrid Levels
CPU Time (secs) per
teration/multigrid cycle
6.55

’/5-10/0
5.18 ¢

b) No.of Multigrid Levels

Fig. 14 Multigrid efficiency: a) reduction in the total number of iter-
ations and b) computing time required for each additional level of
multigrid.

r 2
1
y 3
1

Fig. 15 Planar section, at midspan, of the once-embedded mesh used
for the multigrid. Subsonic flow over a 4% bump in a channel at M- =
0.5.
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Table 2 CPU time comparison for one-level multigrid solution for
subsonic flow past a bump in a channel (M, = 0.5)

Time taken for one fine
grid iteration, s 4,00

Convergence in 3452 fine
grid iterations

Time taken for one multigrid cycle
with one coarser level, s 4.35

Convergence in
1364 cycles
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T ol
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Fig. 16 Comparison of the convergence rates. Convergence without
multigrid in 3452 fine grid iterations. Convergence with one-level mul-
tigrid acceleration in 1364 multigrid cycles.

Conclusions

A new multigrid approach for unstructured grids has been pre-
sented. The multigrid method was shown to obtain significant
speed-up in computing time as well as convergence rates. The
multigrid scheme avoided generation of independent coarser grids
and also circumvented the need for search algorithms and exten-
sive data structures to interpolate solution and residuals between
the grids. The interpolation of solution and residuals between the
grids was easily done since the grids employed for the multigrid
scheme are overlapping. The multigrid technique was imple-
mented in tandem with a grid adaptation scheme that enabled suc-
cessively coarser levels to be generated conveniently from the par-
ent cells of the adapted grid. The basic numerical scheme coupled
with the multigrid acceleration has been shown to be robust by ap-
plying it to different flow situations in all three flow regimes,
namely, subsonic, transonic, and supersonic.
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